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Abstract. We consider the 3D Schrodinger operator H = Hq + V where Ho = (— iV — A)'^ — b, 
A is a magnetic potential generating a constant magnetic field of strength 6 > 0, and V is a. short- 
range electric potential which decays superexponentially with respect to the variable along the 
magnetic field. We show that the resolvent of H admits a meromorphic extension from the upper 
half plane to an appropriate Riemann surface Ai, and define the resonances of H as the poles of this 
meromorphic extension. We study their distribution near any fixed Landau level 2bq, q G N. First, 
we obtain a sharp upper bound of the number of resonances in a vicinity of 2bq. Moreover, under 
appropriate hypotheses, we establish corresponding lower bounds which imply the existence of an 
infinite number of resonances, or the absence of resonances in certain sectors adjoining 2bq. Finally, 
we deduce a representation of the derivative of the spectral shift function (SSF) for the operator 
pair {H,Ho) as a sum of a harmonic measure related to the resonances, and the imaginary part 
of a holomorphic function. This representation justifies the Breit-Wigner approximation, implies a 
trace formula, and provides information on the singularities of the SSF at the Landau levels. 
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1. Introduction 



Ho := (D,, + ^X2f + (D,, - - b + D^, := 



be the Schrodinger operator with homogeneous magnetic field of strength 6 > 0, pointing at the 
j;3-direction. Initially, the self-adjoint operator Hq is defined on C^(M^), and then is closed in 
L2(IR3), This operator can be written in L'^{W^) = L'^{R^) ® L2(M) as 

^^0 = Ho^±(g) I + I (g) dI^, 

with /7o,± = (^xi + 1x2^ + {D^, - - h. 

It is well known that the spectrum of the operator Hq ±^ consists of the Landau levels 2qh, 
g G N := {0, 1 . . .}, and the multiplicity of each eigenvalue 2hq is infinite (see e.g. P). Consequently, 
the spectrum of Hq is absolutely continuous, equals [0, -|-oo[, and has an infinite set of thresholds 
2qb, q>0. 

For X = {xi,X2,X3) £ we denote by X± = (xi,X2) the variables on the plane perpendicular 
to the magnetic field. We assume that the electric potential y : ^ R is Lebesgue measurable, 
and satisfies the estimates 

(1.1) V{^) = 0{{X^r-^^ (^3)-"^^), X E R\ 

with m_L > 2, ms > 1, and (x) := (1 + la;^)^/^, x eM'^, d > 1. 
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On the domain of Hq we introduce the operator H := Hq + V. Since y is a relatively compact 
perturbation of Hq, it follows from the Weyl criterion that the essential spectra of H and Hq are 
the same. Moreover, since ^ is a relatively trace-class perturbation, the Kato-Rosenblum theorem 
implies that the absolutely continuous spectrum coincides with [0,-|-oo[. 

It is well known that H can have infinite negative discrete spectrum and, for some special V, it 
can have infinitely many embedded eigenvalues below each Landau level (see PP, or [IS])- On 
the other hand, it is shown in JjOj that in the case of sign-definite V, the spectral shift function 
(SSF) for the operator pair (H, Hq) has a singularity at each Landau level. Therefore, it is natural 
to expect that there could be accumulation of the resonances of the operator H near the Landau 
levels. For a Coulomb potential, some numerical results confirm this conjecture '71 . The goal of this 
paper is to study the resonances near the Landau levels, and to establish the link between these 
resonances and the spectral shift function by the so-called Breit-Wigner approximation. Such a 
representation of the derivative of the spectral shift function related to the resonances, implies trace 
formulas which have given recently a substantial impetus to the research concerning the upper and 
lower bounds of the number of resonances in different situations (see [21], EH) HH]; [ISli HOli HI; 



We consider potentials V which decay super-exponentially with respect to X3 (or are compactly 
supported with respect to X3). Hence, we do not use dilation methods in order to define the 
resonances near the Landau levels. For a definition using complex dilation, we refer the reader to 
jl.Sj where precise asymptotics as 6 ^ cxd of the resonances near the real axis is given. In our 
work, b is fixed, and we study the number of resonances in a domain 2bq + rQ as r tends to 0. Then 
we justify the Breit-Wigner approximation for the spectral shift function near the Landau levels. 

The paper is organized as follows. In the next section, we define the resonances as the poles of 
the resolvent, the first step being to introduce a Riemann surface to which the resolvent is extended. 
Note that the resonances defined as poles of the resolvent, are also zeros of a generalized Krein 
perturbation determinant with the same multiplicity. In Section 3, we obtain an upper bound 
of the number of resonances in a domain 2bq + rQ as r tends to (see Theorem In Section 
4, we obtain more information on the localization of the resonances for the case of perturbations 
of definite sign. In particular, we show that there is an infinite number of resonances near any 
arbitrary fixed Landau level for small V of sufficiently rapid decay (see Theorem IS}, and that there 
are no embedded eigenvalues for small positive V (see Proposition Ej) . At last, in Section 5, we 
represent the derivative of the spectral shift function near the Landau levels as a sum of a harmonic 
measure related to the resonances and the imaginary part of a holomorphic function (see Theorem 
01. Such a representation justifies the Breit-Wigner approximation, implies a trace formula, and 
for a special class of V sufficiently slowly decaying with respect to the variables perpendicular to 
the magnetic field, allows us to estimate the remainder in the asymptotic relations obtained in jlOj. 

2. Resonances 

In this section we define the resonances of H = Hq + V for V decaying super-exponentially 
with respect to X3, i.e. 



for m± > and any > 0. As in |^, the resonances will be defined as the poles of the 
meromorphic continuation of the resolvent in some weighted spaces. Since V is not compactly 
supported with respect to 2:3, the cut-off resolvent cannot be used here. 



0, H). 
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First, we have to prove the existence of a holomorphic extension for the unperturbed operator. 
Let C-(- := {A € C; Im A > 0} be the open upper half plane. For A € C-|- we have 

(2.2) (Ho - A)-i = Y,Pq^ {Dl^ + 2hq - \)-\ 



where pq is the orthogonal projection onto Hq := ker(//o.± ~ 2bq). 

^ik\x-3,-x'.^\ 



Let us recall that for Im/c > 0, the integral kernel of the operator (DL — A:'^) ^ is given by 



(2.3) 7^(x3,x'3) 



2k 

Then, for > 0, the operator-valued function 

(2.4) i^(A;2) := e-^<^3>p2^ _ i^^y^-^k-'z) ^ C{L\W,,), H\R,,)), 

can be extended holomorphically from C+ to {k G C*; Imk > —N}. Hence, for any > and 

z ^ {Dl^ + 2bq - z)-' G £(e-^<^='>L2(M,3), e^^^^^ H^{R^,)), 

has a holomorphic extension from C \ [2bq, +00 [ to the 2-sheeted covering -Kq : k £ C* k'^ + 2bq £ 
C \ {2bq} (with Imfc > —N). However, this covering depends on q, and therefore it is not suitable 
for the extension of 1)2. 2(1 . 

A natural domain of analytic extension of (|2.2jl is the universal covering of C \ 26N: 



7f : C \ 26N ^ C \ 26N, 

but it does not give a maximal analytic continuation. Indeed for some z £ C \ 2bN, there are 
some points zi, Z2 £ 7:~^{z), z\ / Z2 such that the germs of {H^ — z)~^ at zi and at Z2 are the 
same. Next, we introduce the equivalence relation TZ concerning such pairs of points {zi,Z2)- 
Let 7ri(C \ 26N) be the fundamental group of C \ 26N, and G be its subgroup generated by 
{af, a2aia2^a^^; with ai,a2 £ 7ri(C \ 26N)}. We will write ziTZz2 if and only if Wzi = Tfz2, 
and for any path 7 connecting zi with Z2, the class of the closed path 717 in 7ri(C \ 26N) is an 
element of G (that is 7r{'y) goes an even number of times round each Landau level). 

Then we define the domain A4 of the analytic extension of {Hq — z)~^ as the quotient of C \ 26N 
by the relation TZ. This domain can also be identified with the following covering of C \ 26N (see 
for instance Proposition 13.23 of P 



Definition 1. Let vri(C \ 26N) be the fundamental group of C\ 26N. Let G be the subgroup of 
7ri(C\26N) generated by {aj, 020102 ^^F^ ^^^^ ai,a2 £ 7ri(C\26N)}. We define ttq : M ^ C\26N 
as the connected infinite- sheeted covering such that 7ri(7W) = G. 

From now on, we fix a base point in 7W, and define the physical plane as the connected 
component of itq^{C \ [0, +00 [) containing this base point. By definition, the functions Ai B z 
\/ z — 2bq have a positive imaginary part on T. Let = T ^ 7rg^(C+) be the upper half-plane. 
In what follows, we identify T (resp. Tj^ and 9.F+) with C \ [0, -|-oo[ (resp. C+ and M \ 26N), and 
denote by z the generic point on M.. 

For Ao G C and e > put £'(Ao,e) := {A G C, |A - Ao| < e\ and L'(Ao,e)* := {A G C,0 < 
|A- Aol < e}. 
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Figure 1. Pre-images under Zq. 



Definition 2. We denote by D* C Ai, the connected component o/ttq {D{2bq,2b)*) that intersects 

Since ttq '■ D* — > D(2bq,2b)* is a 2-sheeted covering of D{2bq,2b)* , there exists an analytic 
bisection 

(2.5) Zq:k(^ D{0, ^26)* ^ Zq{k) G D*, 

such that 7rG{zq{k)) = 2bq + k'^ and z~^{D* Ci !F^) is the first quadrant of D{0, V2b)* . 

For N > 0, we denote by A4i\f the set of points m £ M such that for each q € N, we have 
Im — 26g > — A^. Of course, we have U]\f>o-M.N = ■M. 

Figure 1 summarizes the setting near tlie Landau level 2bq. For the free operator, we have the 
following proposition. 

Proposition 1. For each N > the operator {Hq - 2)-^ : e' ^""^^ L"^ (R^) e^^^^^L^^M^) has a 
holomorphic extension from the open upper half plane to Ai]\f. We denote its holomorphic extension 
by Ro{z). 

Moreover, for N > and v±{X±) = {X±)^", a > 1, the holomorphic extension of 

n^:z^ v^{X^)e~^^^''\Ho - zy^e~^^^''\ 
is holomorphic on Mn with values in the Hilbert- Schmidt class 82 on L^(M^)- 
Proof. Since the kernel oitj^^k"^) is given by 

2k 

the operator-valued function k 1— > t]\f{k'^) has a holomorphic extension from C+ to {k G C*; Im k > 
— A^} in the Hilbert-Schmidt class 82 and in the trace class 5*1 (see for instance |12p. For Irak > 0, 
we have the trace-class estimate 

(2.6) =0{\lmk\~^), 
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and when moreover Re fc^ < 0, we have the Hilbert-Schmidt estimate 
(2-7) <tA7 / , , ,t! =0(|Refc^ri 



2tiN (r/2 + I Re P 1)2 



where || • ||j stands for the norm in Sj, j = 1, 2. 

By the definition of A^at, it follows that for any g S N, the operator- valued function z 
^-N(x3) f^jj2^ — z + 26(7) ~^e~'^^^^^ S Si can be holomorphically extended from to Mn- We 
denote its holomorphic extension to A^at also by t^iz — 2hq). Since {pq, g G N} is a family of 
orthogonal projectors, we deduce the holomorphic extension of (|2.2j) . 

Now, let us prove the existence of a holomorphic extension of in the Hilbert-Schmidt class. 
Let zo € A^AT be fixed, and f^o be a relatively compact neighborhood of zq. Since any path on Al^r 
can enclose only a finite number of Landau levels, there exists go sufficiently large (depending of 
17o) such that g > go implies tN{z - 2bq) = e-^^^^^^xs + 26(?)~ie-^<^'2> . Then for g > go we 
have ||tiv(2 — 26g)|| = O ((g)"^), and furthermore, it follows from l|2.7() that the identity 

(2.8) ||t;v(^-26g)||2 = ||e-^<-3>(^2^ _ ^ + 26g)-ie-^<-3>||2 = o((g)-|), 

holds for any g > go, uniformly with respect to 2; £ fio- 
Next, we have 

90 

(2.9) T^^z) = v±pq <S) tN{z - 2bq) + ^ v±Pq ® tN{z - 2bq), 

q=0 q>qo 

where go is chosen as above. It is well known (see ^Hl) that the orthogonal projection pq admits 
an explicit integral kernel 

(2.10) Vq,biX^,X'^) = ^Lq exp ( - ^{\X^ - + 2i{xix', - x'^x^, 

where Lq{t) := ^rc*^^^^^ — - are the Laguerre polynomials. Note that Vq^b is constant onto the 
diagonal, i.e. 

Vq,b(.X^,X^) = ^, X^eR\ 

Further, if U £ U^R"^), r > 1, then PqUpq is in the Schatten-von Neumann class 5^. (see Lemma 
5.1 of HH). In particular, PqV^Pq G S*!, and hence v_\_PqV_\_ G 5i, and v_\_Pq G S2 with 



Wv^PqWl = '^Av±VqV±) = Tr I V±{X±fdX±, 



which is uniform with respect to g. Combining this with (|2.8j) and PqPk = Sq,kPq, we deduce that the 
infinite sum in (|2.9() is convergent in S2, and hence z ^ T^j_{z) G S2 has a holomorphic extension 
to At AT. This concludes the proof of Proposition^ □ 

For further references we formulate the following lemma which complements Proposition^ 

Lemma 1. For V satisfying (j2.1j) with m± > 2, the operator 



J^+B z^ Tv{z) := J\V\2{Ho - z)-'\V\2 G S; 



2, 
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with J := signl/ defined so that = 1, has an analytic extension from C_|_ to Ai, denoted again 
by Ty{z). Moreover the operator dTv{z) / dz € Si is analytic on Ai. 

Proof. The existence of the holomorphic extension in ^2 is a direct consequence of Proposition^ 
because for any > 0, we have \V\2 = V{v± ® e~^^^^^), with a bounded operator V. In order to 
prove dTv{z)/dz G ^i, it suffices to check that the series of general term {v±pgV±)i^dtN{z — 2bq)/dz 
converge in the trace class. Arguing as in the proof of Proposition ^ we find that this convergence 
follows from and the fact that for z e C \ [0,+oo[, we have dtN{z)/dz = e"^<^3>(/)2 



XZ 



Remark. The assumption m_L > 2 could be weakened to m_|_ > 1 in the first part of the proof of 
the Lemma while it is necessary for the second part. 



Suppose (|2.1() with m±_ > 0. Using 



{H -z)~\l + V{Ho-z)~^) = {Ho 



z 



-1 



we get 

(2.11) e-^^^=''\H - ^)-ie-^<^'^> = e-^<"3>(i7o - zy' e~ ^^'^^ {l + e"" ^^'^ V {Ho - zr^e'^^'^'^y\ 

for z £ J^^, Imz ^ 1. From Proposition ^ combined with (|2.1|) . the operator Ve^^^^'^ {Ho — 
z)~^e~^^^^'^ is compact on L^(Mx). Then, the analytic Fredholm theorem proves the meromorphic 
extension of (l + e^^^^^V{Ho — 2)~^e^^^^'3^) from J^^ to Mn- This now allows us to define the 
resonances of H. 

Proposition 2. Suppose V satisfies ()2.1|) with m± > 0. Then the operator-valued function 

{H - zy^ : e-^<^^>L2(M3) ^ e^<^3>L2(M3 ), 

has a meromorphic extension from the open upper half plane to Mn- Moreover, the poles and the 
range of the residues of this extension do not depend on N . 

Definition 3. We define the resonances of H as the poles of the meromorphic extension of the 
resolvent {H — z)~^ , denoted by R{z). The multiplicity of a resonance zo is defined by 

(2.12) mult(zo) := rank— / i?(z)(iz, 

2^7^ 

where j is a small positively oriented circle centered at zq. 

In the sequel we will use also the regularized determinant det2(/ + A) defined for a Hilbert- 
Schmidt operator A by 

(2.13) det2(/ + ^) :=det((/ + A)e-^). 

Proposition 3. Suppose V satisfies (j2.H) with m± > 0. The following assertions are equivalent: 

(i) Zo £ M is a resonance of H , 

(ii) Zo is a pole of \V\'2 R{z)\V\'i , 

(iii) —1 is an eigenvalue ofTv{zo) = J\V\2 Ro{zo)\V\^ . 

Moreover, the rank of the residue of \ V\2 R{z)\V\2 at zo is equal to the multiplicity of the resonance 
ofH. 

Assume now that V satisfies (|2.H) with m± > 2. Then 

(2.14) det2{{H - z){Ho - z)~^) = det2{l + Tv{z)) , 
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has a analytic continuation from JF^ to M. Its zeros are the resonances of H, and if zq is a 
resonance, there exists a holomorphic function f{z), for z close to zq, such that f{zQ) ^ and 

(2.15) det2 (/ + Tviz)) = {z- zo)'(^» V(^), 

with < 1{zq) = mult(2;o) where mult(zo) is the multiplicity of the resonance defined by 1)2. 12() . 

Remarks, (i) The main part of the proof of Proposition follows the arguments of 126 . To our 
best knowledge the novelty is the proof of ()2.27|) (i.e. the equality between the rank of the residue 
of |y| 2i?(2:)|y| 2 at Zq and the multiplicity mult(zo)), and the equality l{zo) = mult(2;o). 

(ii) If H and Hq are two self-adjoint operators such that H — Hq G 5i, the perturbation de- 
terminant det {{H - \){Hq - A)"i), ImA > 0, was introduced by M. G. Krein in (see also jl51 
Section IV.3]). In the case H — Hq G Sr with r > 1 the generalized perturbation determinant 
detr- (y{H — X){Hq — A)~^) was introduced in In the last work, relatively Hilbert-Schmidt per- 
turbations and the corresponding generalized perturbation determinants det2 {{H — X){Hq — A)^^) 
were considered as well; these determinants are exactly of the same type as the one appearing in 

(iii) For potentials V compactly supported with respect to X3, the resonances can be defined as 
the poles of the meromorphic extension of the resolvent: 

(2.16) {H - z)-' : Ll^^{R,,,L\R\j) ^ lI,{R,„ L\Rj,J) 

from the open upper half plane to (see j^HI for the Schrodinger operator —A + V). 

Proof. Clearly, if zq is a pole of |y| 2i?(2;)|y| 2 then it is a pole of R{z) and conversely according to 
the resolvent equation 

R{z) =Ro{z) - R{z)VRo{z) 
=Roiz) - Ro{z)VRo{z) 

(2.17) + Ro{z)\V\h\V\^ R{z)\V\h\V\mo{z), 

if zq is a pole of R{z) then it is a pole of |y| 2i?(z)|y|2 , and (i) is equivalent to (ii). 
From the resolvent equation we get 

(2.18) {I + J\V\'^Ro{z)\V\^){l - J\V\^R{z)\V\^) =1. 

From Propositionl^land Lemma^ we deduce that zq is a resonance if and only if —1 is an eigenvalue 
of 7V(-2o), and (ii) is equivalent to (iii). 

Now we check the preservation of the multiplicity. Let € be a resonance and > 
be large enough to have zq E M.n- For z close to zq, the resolvents, as operators from 
e-^(^3>/^2(^]^3>) ^ written 

(2.19) Ro{z) = Y,Mj{z - zoy 

j>o 

(2.20) R{z) = {z- zqY^A^l + --- + {z- z^y^A.i + Hol(z), 

were the last term is holomorphic in a neighborhood ol z = zq. Classically, for 7 a small positively 
oriented circle centered at zq, we have 

(2.21) A^j = ^ j{z-zoy~^R{z)dz, j>l, 
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mult(zo) being the rank of A_i, and 

(2.22) A_j{H - zo) = {H- zo)A_, = 
Our next goal is to check the identities 

(2.23) rank(yl_i) = rank(yA_i), 

(2.24) rank(y41i) = vank{VA*_{). 



Let us prove 1)2.23(1 . If this identity is false, there exists a function / such that / = A^ig and 
F/ = 0. 

Since / belongs to the range of yl-i, the distribution H"''f is in L^^^(M'^), for any m G N. In 
particular, Hf = Hof e Hl^{R^), and hence / E H^^^{R^) C ^2(^3)^ 
Further, Vf = easily implies VHf = 0. By recurrence, we obtain 

(2.25) VH^'f = 0, 

for any n G N. Plugging ()2.2U|) into the r.h.s. of the resolvent equation 

R{z) = Ro{z) - Ro{z)VR{z), 

and integrating with respect to z G 7, we find that l|2.22|) entails 

L-l L-l 

(2.26) / = A_ig = -Yl MjVA_,_,g = - M,V{H - zoYf. 

j=0 j=0 

Using ((T^ and ((T^ . we get / = which immediately yields Identity can be 

proved exactly in the same way. 

Applying ((T^ - we get rank(A_i) = rank(^_iF), next rank(A_i) = rank(^_iF) = 

rank (A-il^l 2 )j and, moreover, find that \V\2 is injective on the range of (yl_i). Thus we obtain 

(2.27) rank(yl_i) = lank {\V\^ A_i\V\^) , 

which implies that the multiplicities agree. 

We now prove the second part of the proposition. Let us recall that, if ^ is a bounded operator 
and if i? is a trace class operator on some separable Hilbert space, we have det(/ + AB) = det(/ + 
BA). Moreover, for A bounded and B Hilbert-Schmidt, we have 

(2.28) det2{I + AB) = det2il + BA). 
Writing, for z £ Tj^ , 

{B - z){H^ - z)-^ =1 + ViHo - z)-\ 

where J\V\^{Hq — z)~^ is holomorphic on with value in the Hilbert-Schmidt class, and using 
^^TM . we get 

det2((i/ - z){Ho - z)-^) = det2(/+ |F|^J|V^|5(i/o - z)-^) = det2(/ + Ty(z)) . 

From Lemma n this determinant has an analytic extension from J^^ to M and vanishes if and only 
if zq is a resonance of H. Then, there exists a holomorphic function f{z), for z close to z^, such 
that /(zq) 7^ and 

det2(/ + ry(z)) = (z-zo)'(^°)/(zo). 
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In order to prove that 1{zq) = mult(zo) where mult(2;o) is the multipUcity of the resonance defined 
by (|2.12j) . we need the fohowing 

Lemma 2. The operator 

n_i = Yl - zoyVMj+k+iViH - zo)^ 

L-l>j,k>0 

is well defined in CiTi^^) for any N where is the Hilbert space 

■■= {u G Lj^{^^) = L^(M^e-^l'^^ldx) such that H^u G L^(M^), VA: < L}, 

equiped with the norm X^o<fc<L ll^'^^lli^- 
For any A; G N, in C{L'^j^,7i^) we have 

(2.29) n_i^_i = ^_i. 

Here C{A,B) (resp. C{A)) denotes the space of linear bounded operator from A to B (resp. A). 
Proof of Lemma [B We recall that from (|2.26|) , 

(2.30) = - ^ MjVA^j^i, 

j>o 

with the convention that A-j = for j > L. On the other hand, the resolvent equation 

Ro{z) = R{z){l + VRo{z)), 

yields 

(2.31) Mj = Y,^kMj-k 

with Mo = I + VMq, Mj = VMj for j > 1, and the equation Ro{z) = (/ + Ro{z)V)R{z) implies 
for any A; > 0: 

(2.32) = Y,Mj-kA-j-i 

j>k 

with Mq = I + MqV, Mj = MjV, M^j = for j > 1. In the above equality we use again the 
convention that A^j = for j > L. By inserting (|2.31|) into (|2.3flj) . we deduce 

A-i = -^Y^AkMj-kVA.j.i. 

j>0 k<j 

Since MjV = VMj and A^i{H - zoY = ^-i-j, relation (|02|) implies 

A-i = - ^ J^^feFMj_feyA„j_i = n_iA_i. 
i>o fc<o 

This concludes the proof of Lemma [2 □ 
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Let us now complete the proof of Proposition |S1 It follows from Lemma El that rankn_i 



rank^_i and (|2.29|1 implies that n_in_i = n_i. Consequently, we have 

(2.33) mult(zo) = rank A_i = tr n_i. 
On the other hand, by the definition of l{zo), we have 

(2.34) l{zo) = ^ [ dAndet2(l + Tv{z))dz. 
Further, we have 

5^1ndet(l + r(z)) =tr((l+r(z))-ia,r(z)), zGQ, 
for any operator- valued holomorphic function Q B z ^ T{z) G Si. Therefore, 

a,lndet2fl + Ty(z)) =ti({l + Tv{z))-^d,Tviz)) - tv ( d.Ty (z) ] . 



According to Lemma ^ dzTv{z) is holomorphic in the trace class, then its integral on 7 vanishes 
and (jTTH|) yields: 

l{zo) = J^ti(^J\V\"^R{z)VdMz)\V\^2yz. 
By definition of A^^ and Mj, we obtain: 

/(zo) = -tr( Yl J\V\'^A_kkVMk\V\'2y 

L>k>l 

where the trace is on £(L^). Thanks to (|2.22|) . we have A^^ = A^i(H — zq)''^^ in C{L'^j^, Lij^) and 
using the cyclicity of the trace, 

(2.35) /(zo) = -tr(^ ^ A^i{H - ZQf-^kVMkVY 

L>k>l 

Here the trace is in C{L'j^), but since the range of A_i is in any H-^, j > I, the last trace is also 
in any 7^]^. At last, combining the cyclicity of the trace, with 1)2. 22() . 1)2. 33() and (|2.35|) we deduce 

mult(zo) = tr(n„i) = tr( - ^ A^i{H - zo)''+^VMk+j+iV'^ = l{zo). 

0<j,k<L-l 

□ 



3. Resonances near the Landau levels 

In this section we assume that V satisfies 1)2. 1() with m± > 2, and study the resonances localized 
in D*, the neighborhood of the Landau level 2bq introduced in Definition |21 Recall that D* can be 
parametrized by Zq{k) defined in 1)2. 5() . 

According to the previous section, these resonances can be identified with the points z where 
the determinant det2(/ + Tv{z)) vanishes. Note that Tv{z) is the holomorphic extension of 

(3.1) J\V\kHo-zr^\V\'2 =J2j\V\-2P,{Ho-zr^\V\'2, 

where Pj = pj (gi Ix^, j G N. 
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In order to study the resonances near a Landau level 2bq we split Ty{z) into two parts: 

Tv{z) = J\V\^P,Ro{z)\V\^ +Y,J\y\^PjRo{z)\y\^■ 
j¥=<l 

By Proposition^ the second term in the r.h.s. is holomorphic in a neighborhood of 2bq with values 
in 82- Let us consider the first term for z = Zq{k). The series expansion with respect to k of the 
kernel of the operator tN (see ()2.3() and (|2.4() 1 allows us to write ^at as the sum 

(3.2) tNik^) = lh + nik), 

where ti : L^(M) L^(M) is the rank-one operator defined by 

(3.3) tin:=^(n,e-^<-)>e-^<-3), 
and ri(k) is the Hilbert-Schmidt operator with integral kernel 

(3.4) 7^l(x3, x'3) = e-^<"3> ie-^<"3>. 

Clearly, the operator- valued function C B k fiik) G 52 is analytic. Putting together the above 
considerations, we obtain the following 

Proposition 4. Suppose V satisfies ()2.1|) with m_|_ > 2. For k ^ C* , \k\ < \p2h, we have: 

iJ 
T 

where J = signT/, Bg is the positive self-adjoint operator 

(3.6) Bg = ^\V\y^Pg\V\y^ 

and A{k) E S2 is the holomorphic operator defined on {k G C, \k\ < \/26} by 

(3.7) A{k) = jAg{k) + jY,\y\^PjM^,{my\^ , 

where Aq{k) is the operator with integral kernel 

/CA,(Xx,X3;Xi,x'3) = \ViX^,xs)\-^Vg,biX^,X'^) — \V{X'^,x',)\-^ . 

Here, Vg^b is the integral kernel of the orthogonal projection pg written in 1)2. lUj) . 

Since there exists an operator C : L'^{R^) L'^(K.'^) such that Bg = C*C and CC* = \pqWpq 
with 

(3.8) W{X^)= [ \V{X^,X3)\dx3, 

JR 

(see jnO] for q = 0, and the proof of Proposition 5.3 of ^0] for any q £ N), then for any s > we 
have 

(3.9) n+{s;Bg)=n+{2s;pgWpg), 

where for a compact self-adjoint operator A, we set n^{s;A) = rank li^g^_^_^-j{A). 



(3.5) Tvizgik)) = —Bg + Aik), 
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Remark. Using 1)2.18(1 and (|3.5() . we can prove that each Landau level is an essential singularity of 
the resolvent of H, but it is not sufficient to deduce the existence of an infinite number of resonances 
near the Landau levels. 

In the case where the decay of U at infinity is regular enough, the asymptotic distribution of the 
eigenvalues of Toeplitz-type operators PqUpq is well known. The following three lemmas describe 
the eigenvalue asymptotics for PqUpq in the case of power-like decay, exponential decay, or compact 
support of U , respectively. 

Lemma 3. (Theorem 2.6 of TT) Let the function U £ C^(M?) satisfy the estimates 

< UiX^) < Ci(X^)-, |VC/(X^)| < G 

for some a > and Ci > 0. Assume, moreover that 

U{X^) = no(X^/|X^|) |X^r"(l + 0(1)), \X^\ ^ oo, 

where uq is a continuous function on which is non-negative and does not vanish identically. 
Then for each q £ N we have 

n+is;pqUpq) = C„s-2/"(l + o(l)), S \ 0, 

where 

(3.10) Ca:=^ [ UQ{tf/^dt. 

Lemma 4. (Theorem 2.1 of ^) Let < U £ L'^{R'^). Assume that 

ln[/(Xx) = -^|XxP^(l + o(l)), \X^\^oo, 
for some P > 0, n > 0. Then for each g E N we have 

n+{s;pqUpq) = ipi3{s){l + o{l)), s\0, 



where 



^H~^\lns\^ if 0</3<l, 

in(i+Wfe) l^"^l ^=^' 0<s<e-^ 

3^(ln|lns|)-^|lns| if p > 1, 



Lemma 5. (Theorem 2.4 of 24: ) Let <U £ L°°(M^). Assume that the support of U is compact 
and there exists a constant C > such that U > C on an non-empty open subset ofM?. Then for 
each q G'N we have 

n+{s;pqUpq) = ipoo{s){l-^o{l)), s \ 0, 

where 

foois) := (In I In s|)~^| In s|, < s < e~^. 

Remark. In the recent preprint Jj^ a sharper version of the result of Lemma^lhas been obtained, 
containing three asymptotic terms as s \ of n^{s;pqUpq) provided that the support of U is 
compact, and U satisfies some additional technical assumptions. In particular, the asymptotic 
expansion of n^{s;pqUpq) obtained in recovers the logarithmic capacity of the support of U. 

The above lemmas imply some useful properties of Bq summarized in the following 
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Corollary 1. Let s > 0. For V satisfying with m± > 2, the operator Bg is a trace class 

operator with n^{s,Bq) = ©(s"^/™-"-) for s > small enough. For j € N* := {1,2,...}, the 
operator-valued functions 



(3.11) 



C \ (T^[0, +oo[) 3 k ^ B{k) = B%.{k) ■■=^[I± -j' 



iBn \ - j 



G S 



are holomorphic. Their Hilhert- Schmidt norms (p=2) and trace-class norms (p=l) satisfy the 
estimates 

(3.12) \\B{k)\\p<c{9y a,{\k\)l, 

1 



where 9 = Arg/c, c{9) = (1 — (sin0)_) ■2 , u- := max{— n, 0} if u E 



and 



(3.13) 



B, 



0(s-2/™^), s>0. 



Further, for s > 0, p > 1, we have 
(3.14) 2'P/^np{s) < ap{s) < np{s) + n+{s, Bq), 

where 



(3.15) 



np{s) :-- 



B. 



^l[0,s](^g) 



s > 0, p>l. 



Moreover, for W defined by \S. ^) satisfying the assumptions of Lemma with a > 2, the 
estimates 



(3.16) 



a. 



,(s) =C„,pS-^(l + o(l)), np(s) = C«,pS-^(l + o(l)) s\0, 



hold with some Ca,p > 0, Ca,p > 0, p = 1, 2. Finally, if the assumptions of Lemma^ or of Lemma 
hold for W = U, we have 

(3.17) ap{s) = ipf^{s){l + o{l)), np{s) = o{ipi3{s)) s\0, 

the functions (p p{s) , Q < (3 < oo, being defined in Lemma^ or in Lemma\^ 

Proof By ((H21), Bg e if and only if PgWpg G Si. For V satisfying ^Ji), we have 0<W{X±) < 
C(X_l)"™-l. Therefore, W £ ^^(IR^), and hence PqWpg £ Si, and then Bg £ Si. According to 
Lemmaini n+{s,pgC{X±)^'''^^pg) behaves like s"^/™^ as s \ 0, then n+{s,Bg) = 0{s~'^/"^-^) for 
s > small enough. Taking also into account that Bg > 0, we conclude that the operator-valued 
functions B defined in 1)3. 11() are holomorphic. Let us now estimate their norms in Si and in 5*2. 
For k = \k\e^^, we have 



B*B 



Bl 



Bl 



.Bn 



Next, 
(3.18) 

where fj,p{u, i 
(3.19) 



\B\ 



Sp = - fjAjj^^^ ±0)dn+{u; Bg) = - fjA^^ ±9)dn+{s; |^), 

uP{l + + 2nsin6')~-'P/^. Evidently, for 9 / —tt/2 and n > we have 
fjAu,9)<ci9yffpiu) 



OO 

fp{u)dn+{u; — 
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where fp{u) := uP{1 + u^yp/^, p = 1, 2. Finally, 
Now the combination of (|XTH)) . (jnHH), and l|On)) . yields (|XT^ . We have also 

f'l ^ 

(3.21) n(s) = - uPdn+iu]-^). 

Jo s 

Then (|3.14|) is a consequence of the elementary inequalities 

2-P/Vl[o,i](n) <fp{u) < un^o,i]{u) + l]i,+ool{u). 

In order to prove (|3.16|) - (|3.17jl . we first note that since lim^jo un^{u, Bg) = 0, relations (|3.2U|) . 
and (ISini) imply 

/•OO 

(3.22) cTp(s) = / fp{u)n+{2su;pqWpq)du, 

Jo 



(3.23) np{s)= f puP-^{n+{2su;pqWpq)-n+{2s;pqWpq))du. 

Jo 

Then for W satisfying the assumptions of Lemma |21 or of Lemma ^ or of Lemma 13 we deduce the 
asymptotic properties claimed. □ 

Proposition 5. Suppose that V satisfies \2.1\) with m± > 2. For < s < |A;| < sq with sq 
sufficiently small, Zq{k) G D* is a resonance of H if and only if k is a zero of 



(3.24) D{k,s) = det[l + K{k,s) 

where K{k, s) is a finite-rank operator satisfying 

TankK{k,s) = o(n+{s;pqWpq) + iy \\K{k, s)\\ = 0{s~^] 

uniformly with respect to s < |A;| < sq- 

Moreover, for Im A;^ > 5 > 0, the operator I + K{k, s) is invertible with 

\\{I + K{k,s))-'\\ = 0{6-'), 

uniformly with respect to s < < sq, ImA;^ > 6. 



Proof. By Proposition for s < < sq < v26, Zq{k) is a resonance of H if and only if A: is a 
zero of det2{I +'^Bq + A{k)). 

Since k A{k) is holomorphic near k = with value in 52, for sq sufficiently small, there exist 
a finite-rank operator independent of k and A{k) holomorphic near fc = in 5*2 with ||y4(fc)|| < |, 
\k\ < So such that 

A{k) = Ao + A{k). 

Further, let us decompose the self-adjoint positive operator Bq into a trace-class operator whose 
norm is bounded by s/2, and an operator of rank n-|_(s/2; Bq), namely 

(3-25) Bq = Bql[Q,./2]iBq) + Sgl]s/2,+oo[(^9)- 
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Since ||^Bgl[o,s/2](-Bq) + A{k)\\ < |, for < s < \k\ < sq, we have 

det ((/ + + A{k)) e-^-(^'W)) / 0. 

It follows that for < s < |A;| < sq, the zeros of det2 (^I + Tv{zq{k))^ are the zeros of D{k, s) 
defined by ^^1^ with 

K{k, s) = (^^Bgl],/2,+o.[{Bg) + ^o) (/ + y ^<?l[o,s/2] (Bg) + I(A;)) '\ 

The rank of this operator is bounded by C'(n+(s/2; Bg) + 1) = 0{n^{s;pqWpg) + 1) (see (|3.9|) 1 and 
its norm is bounded by 0(1^1""^). 

At last, by the definition of Tv{z) and of K{k, s), we have 

/ + K{k, s) = (/ + Tv{zg{k))) (/ + ^B,l[o,,/2] (Bg) + Aik)) ~\ 

provided that < s < |/c| < sq- By the resolvent equation H2.18() . the operator I+Ty{z) is invertible 
for Imz > 6, and 

(^I + Tv{z)y^ = I-J\V\^H-z)-^\V\^. 
Then / + K{k, s) is invertible for Imk^ > 6, < s < \k\ < sq, and 

11(1 + K{k,s))-^\\ = 0{1 + \\\V\-2iH - Zg{k))-^\V\'2\\) = 0(1 + I lmk^\-^) 
which concludes the proof of Proposition [51 □ 
By the properties of K{k, s) (see Proposition ISJ for < s < \k\ < sq, we have: 

(3.26) D{k,s)= II {l + Xj{k,s)) = 0{l)exp(0{n+{s;pqWpg) + l)\lns\y 

i=i 

uniformly with respect to {k, s), where Xj{k, s) are the eigenvalues of K{k, s) which satisfy Xj{k, s) = 
0{\s\-'). 

Moreover, since 

D{k, s)-^ = det (^{I + K)-^^ = det - K{I + K)-^'^ , 
for ImA;^ > 6 > 0, and for < s < \k\ < sq, we have 

(3.27) 1^(^,5)1 > C7exp ( - Cin+{s;pgWpg) + 1)(| ln5| + | lns|)), 

uniformly with respect to {k,s). 

The following lemma contains a version of the well known Jensen inequality which is suitable 
for our purposes. 

Lemma 6. Let 0, be a simply connected sub-domain of C and let g be a holomorphic function in 
Q with continuous extension to 17. Assume there exists zq £ 0, such that g{zQ) ^ and g{z) ^ 
for z € dVt. Let zi, Z2, Z]\[ £ Q be the zeros of g repeated according to their multiplicity. For any 
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domain Q' CC 17, there exists C" > such that N{^l',g), the number of zeros Zj of g contained in 
n' , satisfies 

Nin',g)<c( [ ln\g{z)\dz-ln\g{zo)\). 

Proof. First, let us recall the classical Jensen inequality 

N{B{0, uR), G)\lnu\< — [ In \G{Re'^)\d9 - In |G(0)|, 

27r Jo 

valid for any < < 1, and for a function g = G satisfying the assumptions of the lemma in 
VL = B{0,R) := {z G C; \z\ < R}, and zq = 0. 

Now, let / : B{0, R) ^ 17 be a bijective analytic function such that /(O) = zq a-nd f{dB{0, R)) = 
d^l. Then G = gof satisfies the assumptions of the lemma in 11 = B{0,R), with zq = 0, and we 
have the above formula. Since / is a bijection and f{dB{0,R)) = dU, for 0,' CC 0, there exists 
< < 1 such that 17' C f{B{0, 1'R)), which implies the claim of the lemma. □ 

Applying this lemma to the function g{k) := D{rk,r), on 11 := {/c G C; 1 < \k\ < 2, ^ < 
Arg A; < 27r + |} with ImA;Q > 5 > 0, we deduce from (|:-{.2(ij) . (|H.27j) the following upper bound on 
the number of resonances near the Landau levels. 

Theorem 1. Upper bound. Suppose that V satisfies \2.1\) with m± > 2. Then there exists 
ro > 0, such that for any < r < ro, 

#{z = Zg{k) £ Res{H) n D*; r < < 2r} = 0{n+{r,pgWpg)\ lnr|), 

where W is given by \H. and nj^(s;pqWpq) is the counting function satisfying asymptotic rela- 
tions depending on the decay of W , described in Lemmas O o,nd El In particular, under our 
assumptions we have always n+(s;pqVFpq) = 0(s~^/™-'-), and for V compactly supported, we have 
n+{s;pqWpq) = ©((InllnsD-^l lns|). 

Remark. Instead of the three-dimensional case considered in the present paper, it is possible to 
consider a general n-dimensional Schrodinger operator with non vanishing constant magnetic field 
B which can be regarded as a real antisymmetric matrix acting in M". Set 2d = ranki? and 
d := n — 2d, so that in the three-dimensional case we have d = 1 and d = 1. Note that the spectrum 
of the unperturbed Schrodinger operator Hq{B) with magnetic field B is pure point if d = 0, and 
is purely absolutely continuous if d > 1. For d > 1 the unperturbed operator can be written in 
appropriate Cartesian coordinates (x, y, z) G R" with x, y G M'^ and z G W^, as 

i:(K+|=")'+K-^')Vi:"- 

j=i 1=1 

where B = bjdxj A dyj. We believe that the presence of infinitely many resonances is typical 

for the cases d = 1 and d = 2. However, the Riemann surfaces where the resonances are defined, and 
the eigenvalue counting functions for the corresponding Toeplitz operators (see 1211 ) which occur 
in the estimates of the resonances, should be of different type in these two cases. On the other 
hand, if d > 3, we expect that the number of the resonances near any fixed Landau level should be 
finite. The qualitative pictures in the cases d = 1, d = 2, and d > 3, should be independent of the 
rank 2d of the non- vanishing magnetic field B. 
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4. Perturbation of definite sign 

In this section, we discuss the case zizV > 0. We will obtain an upper bound of the number 
of resonances near the Landau levels outside a semi-axis. Further, for small perturbations, we 
prove the existence of a region free of resonances, and obtain a lower bound on the number of 
resonances near a semi-axis. In particular, we show that for small positive perturbations there are 
no embedded eigenvalues. 

In the definite-sign case, we can summarize our results by Figure 2. 

Let V have a definite sign, i.e. let J = signl/ be constant, J = ±1 when zizV > 0. In this case, 
according to Proposition ^ we have 

Tvizgik)) = ^JB, + A{k), 

with Bq a positive self-adjoint operator independent of k, and A(k) holomorphic near k = with 
values in 5*2. For iJk ^ sp(i3g), the operator / + -^JBg is invertible with 

\\ii+TJB,n\< 



^ /{Jlmk)l + |ReA;|2' 



and for —SJlmk < \ Refc|, the estimate ||(/ + ^JBq)^^\\ < Vl + 5"^ holds uniformly with respect 
to k, \k\ < So, —dJlmk < |Refc|. 
We have 

/ + Tv{zg{k)) = {I + K{k)) [l + '-JB, 

with 

-1 



K{k) := A{k)[l+-JBq 



k' 

Note that K{k) £ S2, and its Hilbert-Schmidt norm is uniformly bounded with respect to k, for 
|A;| < So, —dJlmk < |ReA;|. Therefore, 



Trirvizg(k))-K{k)) 



(4.1) det2(/ + ry(zg(A:))) = det + ^ J^^) det2 (/ + /i:(A;)) e" 

This relation is obtained by approximating the Hilbert-Schmidt operator K hy a finite-rank oper- 
ator, and using the fact that for a trace-class operator B, we have det2(/ + B) = det(/ + B)e^^^ ^ . 
We exploit moreover, the fact that since Bq is a trace class operator (see Corollary then such is 

(TviZqik)) - K{k)) = {I + K{k))ijBq. 

According to (|4.H) . for < sq, —dJlmk < |ReA;|, the zeros oidet2{I +Tv{zq{k))) are the zeros 
of det2(I + K{k)). By the properties of K{k), det2(I + K{k)) = ©(e^H-^WHa) = 0(1), uniformly 
with respect to k. On the other hand, writing 

(I + K)-' = (I + ^JBq){I + Tv)-\ 

and arguing as in the proof of Proposition we find that 

\\{I + K)-^ = 0{\sr')0{6-') 

for Imk^ > 6 > 0, and for < s < \k\ < sq, uniformly with respect to {k,s). If {Xj)j denotes 
the sequence of eigenvalues of K{k), the above estimate implies that for ImA;^ > 5 > 0, and for 
< s < \k\ < So, we have 

(4.2) \1 + X,\-^ = Oi\s\-^)Oi6-^). 



18 



J.F. BONY, V. BRUNEAU AND G. RAIKOV 




y < 



Re A; 




y > 



Re A; 



Figure 2. Resonances near a Landau level for V of definite sign. Reso- 
nances z = Zq{k) are concentrated near the semi axis k = — i(sgny)]0, +oo[. On 
tlie one hand, for any 9, the number of resonances in Cg is bounded by 0{\ lnr|) 
for So = sq{9) sufficiently small (Proposition E]). On the other hand, for any 
< So < and any 6*, there is no resonance of Hq + eV in Cg for e < £o{9) 
sufficiently small and for compactly supported V we have lower bound of the num- 
ber of resonances in Sg (see Theorem |2j. 



Now, we are able to establish a lower bound of det2(/ + K{k)). We have 



(det2(/ + i^(A;))^ 



det (/ + i^(fc))-^e 



-lK{k) 



1 + A. 



n 



11 + A. 



£ n 

|A.I<| 

The first product is uniformly bounded because K{k) is uniformly bounded in <S'2 and we estimate 
the second product by ©(e'^d ^^-^l+l I'^'^D) using the fact that it involves a finite number of factors 
bounded by 0{\s\-^)0{5~^) (see ^^). We get 

|det2(/ + K(/fc))| > C7e-^(|i'^^l+l'''"l) 

for Im/c^ > > 0, and for < s < |/c| < so- Consequently, from the Jensen inequality (Lemma 
inj, in the case V of definite sign, we establish upper bounds outside a neighborhood of {zj{k)\ k G 
(-iJ)[0,+cx)[}: 

Proposition 6. Upper bound: special case. Suppose that V satisfying h2.1]) with m± > 2, is 
of definite sign J. For any S > 0, there exists sq > 0, such that for any < r < sq we have 

#{z = Zq{k) G Res(-H') n-D*; r <\k\< 2r, -SJlmk < \ Rek\} = Odlnrl). 

In what follows, we prove also that for small perturbations of definite sign the resonances are 
near Zg{k) with k eigenvalues of —iJBq. In particular, we have a infinite number of resonances 
close to the Landau levels. 

In order to obtain our lower bound of the counting function of resonances, we need the following 
result deduced from Lemma 01 

Lemma 7. Lei < G L°°(M2) such that 

(4.3) \nW{Xi 



< -c{x, 
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for some C > 0. Let be the non-increasing sequence of the non-vanishing eigenvalues of 

PqWpq, counted with their multiplicity. Then there exists > such that 

(4.4) Xj - Aj+i > i/Aj} = oo. 

Proof. By assumption, one can find a function U whicli satisfies the hypotheses of Lemma 0] with 
(3 = 1 such that W < U. Then PqWpq < PqUpq and 

(4.5) n+{s;pqWpq) < n+{s;pqUpq) = 0{\ lns\), 

by the min-max principle. 

Let us assume that the set {j; Xj — Aj+i > i^Xj} is finite for any v > 0. Then there exists ju 
such that for any j > j^, Xj — Aj+i < vXj. This imphes that for any j > ju, Xj > (1 — i')-'^-''' Xj^. 
In this case for s sufficiently small we would have 

n+{s-,pqWpq) = A,- > ^ > (1 - i^)^->A,-, > s}, 

that is 

n+{s-pqWpq) > I ln(l - I lns| - 0^{l). 

If we choose > small enough, this lower bound is in contradiction with the estimate ()4.5() . □ 



Theorem 2. Sector free of resonances, upper and lower bound. Let < sq < v26 and 

g G N. Assume V satisfies (|2.1|) with m± > 2 and is of definite sign J. Then for any 5 > there 
exists Eq > such that: 

(i) for any e < Eq, Hg, := Hq + eV has no resonances in {z = Zq{k) £ D*; < |A;| < 
So, —Jim A; < ^| Re 

(ii) there exists tq > 0, such that for any < r < tq and e < Eq, we have 

(4.6) #{z = zq{k) G Res(i/e) n Z)*; r < \k\ < 2r} = 0{n+{r, epqWpg) - n+{8r, epqWpq)). 

(iii) if W defined by iS. 8\) satisfies i4.3\ ), then for any e < Eq, has an infinite number of 
resonances in {z = Zq{k) G D*\ < \k\ < sq, —Jim ^ > ^| Re 

More precisely, there exists a decreasing sequence {ri)i,^fq of positive numbers, n \ such that, 

^^^^ #{z = Zq{k) e Res{He) n D*g; n+i < \k\ < n, -JImA; > ^|ReA;|} 

> rankl[2ri+i,2ri]{£PqWpq). 

Proof, (i) We have 

(4.8) I + Tev = I + eTv = I + leJBq + eA{k). 

Since Bq is self-adjoint and positive, the operator / + ^eJBq is invertible for — Jlmfc < ^|ReA;|, 
and we have 

i 



\\{I + -eJBq)-^\\<^/l + 5-\ 

Moreover, for |A:| < sq there exists C > such that ||A(A;)|| < C. Consequently, for e < 
(CVl + 5^^)""^ and — Jlmfc < ^| Re /c|, the operator I + ^eJBq + eA(k) is invertible and Zq{k) is 
not a resonance of Hq + eV. 

(ii) We prove this point like Theorem ^ Let 

B~^ := eBql]j./2,4r[{^Bq) and B^ := eBql[Q^r/2]U[4r,+oo[{^Bq). 
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For |r < \k\ < |r, the spectrum of the self-adjoint operator J^B~ is a subset of [0, |] U [|,+oo[. 
Then / + ■j:JB~ is invertible and 



I+yJB- 
k 



< 4. 



So, if Eq is small enough and < e < the operator I+^JB^ +eA{k) is invertible for |r < < |r 
with a uniformly bounded inverse. 
Using H4.8() . we can write 

/ + =1 + ^JB+ + ^JB- + eA{k) 

(4.9) =(/ + ^-JB- + eA{k)) + + l-^^' + ^^(^)) ^^l"^^' 
and, from Proposition |31 the resonances of with |r < < |r, are the zeros of 

(4.10) b{k,r) ■.= dei(l + (l + jJB- +eA{k)] ^yJB^ 



k ' 'J k 

Moreover, the multiplicity of the resonance, mult(A;), is equal to the order of the zero of D{k,r) 
Since B~^ /k is uniformly bounded, there exists C > such that 

(4.11) \D{k,r)\ < exp (Crank l],/2,4r[(£^g)) • 
On the other hand, we have 

I + ^JB- +eA{k)Y^ljB+ =(l + (l + ljB-y\A{k)y^ IjB+ 

(4.12) =ljS+ + 0(e). 
For u G L^(M^), |r < \k\ < |r and A; G M, we get 



Re ^/ + (^/ + -JB- + eA{k)j -^JB^j u, = Re(^i^I+ -JB+ + 0{e)j u, u 

= Re{{l + 0{e))u,u) 
(4.13) >ll^i|lV2, 

for e > small enough. Since we can obtain the same estimate for the adjoint, the operator 
/ + (/ + j:JB~ + eA{k))~^j:JB~^ is invertible for |r < |A;| < |r, /c G M with a uniformly bounded 
inverse. Then, for such k, we get 

{D{k,r))~^ =det (l- (l + yJB~ +eA{k)Y^yJB+(l + (l + yJB' + eA{k)Y^ yJB^ 



k J k \ \ k J k 

<exp (Crank l]r/2,4r[(e-B<j)) • 

Combining this estimate with (|4.11|) . the Jensen inequality and (|3.9|) . we get (|4.6|) . 

(iii) According to Lemma d there exists z/ > and a decreasing sequence (r/)^^^ of positive 
numbers, r; \ such that for any Z G N we have 

dist(ri,sp{Bg)) > vril2. 



Then for any / G N, there exists a path (see Figure 3) 

F; C {a! G C*; < So, |Imfc| > bR^k, n > Rek > n+i} 
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Figure 3. The path Ti 



enclosing the eigenvalues of Bq contained in the interval [r/+i,r^], and such that for /c G F/, the 
operator [k — Bq) is invertible with 

1 



\\{k-Bq 



sup — 

Xjesp(Bq) \k — Xj 



< C/\k\ 



for some C = C{5^v), uniformly with respect to A; G F/. 

Now, let us consider the path F; := ieJTi, and estimate from below the number of the zeros of 
det2(I + ^eJBq + eA{k)) counted with their multiplicity, enclosed in {z = Zq{k) £ D*; k G Ti}. 

By construction of F;, for k £ F;, the operator I + ik~^eJBq is invertible with + ik~'^eJBq)~^\\ 
< C{5, v) uniformly with respect to G F/. Then choosing eq so small that 

\\eQA{k){I + ik-^eJBq)-^\\2 < 1/2, 

and using that det2(/ + A) < e'l'^l'^/^, we obtain that for A; G F^, 



det2 / + eoA{k){I + ik'^eJB, 



1 



< 1. 



Applying the Rouche theorem we deduce that the number of zeros of det2(/ + ^eJBq + eA{k)) 
enclosed in {z = Zq{k) G -D*; k £ F;} is equal to the number of zeros of det2(/ + ^eJBq) and using 
H3.9|) it is given by n+{2ri^i; pqWpq) — n^{2ri;pqWpq). Since each zero of det2(/ + ^eJBq + eA{k)) 
is a resonance, with the same multiplicity, we deduce H4.7|l . and since the sequence (r/); is infinite, 
we conclude that the number of the resonances is infinite. □ 



Since the embedded eigenvalues in M \ 26N are resonances Zq{k) with k G e^^'^'^a ^]0, -v/26[, a 
simple consequence of the previous theorem is the absence of embedded eigenvalues in ]2bq — 
SQ,2bq[U]2bq,2bq + Sq[ for small positive V and in ]2bq,2bq + Sq[ for small negative V. In fact, 
by more precise estimates with respect to q, for small positive V, we prove absence of embedded 
eigenvalues in M"*" \ 26N and for small negative V, we obtain information about the localization of 
the embedded eigenvalues on the left of the Landau levels. 



Proposition 7. Absence of embedded eigenvalues. Assume that V satisfies with m± > 
and ms > 2. For a positive potential V , there exists Eq > such that for any e < Eq, Hf, := Hq + eV 
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has no embedded eigenvalues in R+\25N. For a negative potential V , there exists Eq > and C > 
such that for any e < Eq, Hg, := Hq + eV has no embedded eigenvalues in \ (26N+] — eC, 0[). 

Proof. According to Proposition 2.6 of jHI, for V satisfying Hl.ljl with m± > and 771,3 > 1 there 
exists C > such that Hf, has no embedded eigenvalues in M"*" \ (26N+] — eC, eC[). Then, following 
the proof of Theorem|21(i) (or see proof of Proposition 2.5 of jHI), we have only to check that eg > 
can be chosen independently of A G \ 26N such that for any e < Eq and A G \ 26N, I + eTy{\) 
is invertible when V is positive. For negative V , we have to choose Eq > Q such that for any e < eo 
and A G M+ \ (26N+] - 6, 0[), / + eTv{\) is invertible. 

Let A G M+\26N, then there exists g G N and G C, | A:| < \/6 such that A = 2bq + k^ {k g]0, Vb] 
or k e i]0, Vb]). 

We have: 

Ty (A) = J| y I 5 i?o (A) I y I 5 = J| y 1 1 (X3) ( ^ P,- ® frn3 ( A - 26i)) (X3) 1 1^1 i 

where tma is the continuous extension of z 1— > {x3)^~ {D^^ — z)~ {x3)^~ from Imz > to 
z G M \ {0}. For /X G M \ {0}, the integral kernel of tm,,[fi) is given by: 

(2^3) 2 7 — (X3) 2 , 

where k = ^JJi if /x > and k = i\/—fi if /x < 0. 

It is clear that for /x < 0, HtmalA*)!! < Ia*!""^ ^-iid for /x > 0, ||im3(/w)|| < C(7773)|^|~2 with 
(7(77^3) = ^ / (3;3)~™'^c?2;3 (for more details, see ^). 
From the above estimates, we immediately get: 

\\^Pj^t^.^{X-2bj)\\ < sup||t^3(A-26j)|| < max(6-\C(r773)6-i). 

Moreover, the series expansion with respect to k of the kernel of the operator tm-^ allows us to 
write Pg (gi tma (A — 2bq) as the sum 

Pq O tma (^ - = -pq O T + (g) /9(/c), 



where r : L (M) — > L (M) is the rank-one operator defined by tu := 2\^; (•)~~/(^3)^ ^ > ^'^'^ P(^) 
is the Hilbert-Schmidt operator with integral kernel 

(a^s) 2 i — (X3) 2 . 

Since this integral kernel is bounded by C'((a;3)~~2~ |a;3 — 2:31 {x^)^~), uniformly with respect to 
k, \k\ < 6, it follows that for 7773 > 2, pq0 p{k) is uniformly bounded independently of q and A. 



Consequently, for S := |F| 2 (2:3) 2 (g) rj (x^) 2 |y| 2 , we have 

IITv^(A) - 'jLbW < M, 

with M independent of A. At last, for Jfc G M or JA; G iM^, since is a positive self-adjoint 
operator, ||(/ + lEJk^^ B)^^\\ < 1. Then taking eq < M^^, for e < Eq, I + eTv{X) is invertible for 
any A G R+ \ 26N when J = 1 (i.e. V >0) and for any A G M+ \ (26N+] - b, 0[) when J = -1 (i.e. 
V < 0). This concludes the proof of Proposition [7J □ 



RESONANCES AND SSF NEAR THE LANDAU LEVELS 



23 



Remark. Further information concerning the locahzation of the eigenvalues of the operator H for 
non-sign-definite potentials V is contained in 6, Proposition 2.6]. 

5. Spectral shift function and resonances 

In this section we represent the derivative of the spectral shift function (SSF) near the Landau 
levels as a sum of a harmonic measure related to resonances, and the imaginary part of a holomor- 
phic function. As in [2111, [Hji [0]i such representation justifies the Breit-Wigner approximation and 
implies a trace formula. We deduce also an asymptotic expansion of the SSF near a given Landau 
level; in the case of positive potentials V which decay slowly enough as \X±] oo this expansion 
yields a remainder estimate for the corresponding asymptotic relations obtained in |inj . 

In the case of a relative trace class perturbation, the SSF is related to the perturbation deter- 
minant by the Krein formula 

(5.1) ?(A) = - lim Arg det ({H -X- ie){Ho - A - ie)-^' 



TT e~*0+ 

In our case, |y| 2 (i^g + is in the Hilbert-Schmidt class, and the distribution 
(5.2) e' : / e C^im ^ -tr(fiH) - f(H^) 



is still well defined, but not the above perturbation determinant. Since V{HQ + i) ^ is of trace class, 
we could give a meaning to ((SIT} using meromorphic extension of the regularized Zeta function (see 
[1]), but it will be more convenient to introduce the regularized spectral shift function 

(5.3) 6(A) = - lim Argdetsf (F - A - ie)iHo - A - ie)"^ 
(see 1)2. 13() for the definition of det2) whose derivative is the following distribution 

(5.4) i'^: feC^{R)^-tr:(^f{H)-f{Ho)--^f{Ho + eV)U=o 

(see or jl]). Let us note that in |^, these quantities are defined with the opposite sign. We will 
deduce the properties of the SSF from those of the regularized SSF by using the following lemma 
which is well known for perturbation of the Laplacian (see ^7j, 0). 

Lemma 8. Let V satisfies (|2.1() with > 2. On M \ 26N, we have 

(5.5) e' = e2 + -imtr(a,ry(.; 

Tv{z) being defined in Lemma^\ 

Proof. According to Lemma ti^dzTy) is analytic on Then, exploiting (|5.2j) and (|5.4)) . we 
have only to prove: 

(5.6) tv(^-^f{Ho + eV)\e=o) = ^ /(A) Imtr(9,r(A))a!A, 

for any / G C^(M\ 26N). By the Helffer-Sjostrand formula (see for instance ^), for /G C^{R'^) 
an almost analytic extension of /, (i.e., = / and dxf{X) = 0{\ ImA|°^)), we have 

(5.7) f{Ho + eV) = -- [ dj{z){z - Ho - eVy^L{dz), 
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where L{dz) denotes the Lebesgue measure on C. This quantity is differentiable with respect to e 
and its derivative at e = is given by 

^f{H^ + eV) \e=o =-- I dj{z){z - Ho)-'Viz - H^)-^L{dz). 

Following the proof of LemmaQ we check easily that for it Im z > the operator (z — Hq)~^V{z — 
Hq)~^ is of trace class with trace norm bounded by 0{\ lmz\~'^) and by cyclicity of the trace, for 
Im z > we have 

tr((z - Ho)-^V{z - Ho)-') = tr(j|F|5(z - Ho)-^\V\^) = -tr(a,ry(z)) 

and for Imz < 

tr((z - Hor'V{z - Ho)-') = -iv(d,Tv{z)) . 

Hence, if{Ho + eV) |, =0 is of trace class, and 

iA^f{Ho + eV) \e=o ) = - I dJ{z)iv(d,Tv{z))L{dz) + - [ df{z)tr(d.Tv{z))L{dz). 

Then the Green formula yields H5.6() . □ 

Let W± CC il± be open relatively compact subsets of ±e=^*l"^^''''^''l]0, 2h\ with eo > 0, 26*0 + eo < 
27r. We assume that these sets are independent of r and that yV± is simply connected. Also assume 
that the intersections between O-t, W± and ib]0,26[ are intervals. Set I± = W± H it ]0,26[ and 
choose < si < y^dist(0, ^±)- In the following, we will identify 2bq + r» with 7r^^(26g + r») Pi D*, 

for • = w±, I±. 

Proposition 8. Let V satisfies \2.1\) with m± > 2. For W± CC il,± and I± as above, there exist 
functions g± holomorphic in such that for ji G 2bq + rl±, we have 

^ = — Img^(^^ ^,r)+ ^ ^ - w) 

rir r ^-^ vr ki — 

w&Res{H)n2bq+rn± ' ' w£Res{H)n2bq+rI± 

Im 10^0 

(5.8) --Imti(d^Tv{n) 
where g±{z,r) satisfies the estimate 

(5.9) g±{z,r) = O [[n+{si^-pqWpq)\\nr\+ni{si^/2)+n2{siV^/2))) = 0(|lnr| r' 

uniformly with respect to < r < ro and z G W-t, with rip, p = 1, 2, defined by <\'A.2'A^ or (jS^SJ. 

In order to obtain such a representation formula, the first step is the factorization of the 
generalized perturbation determinant. To this end, we need some complex-analysis results due to 
J. Sjostrand, summarized in the following 

Proposition 9. (|23|, jlHj) Let L be a bounded interval in ]0, +oo[ and Q be a complex neighborhood 
of I in e*l-2^0'^ol]0,+oo[ with eo > 0, 26*0 + eo < 27r such that fl n {Imz > 0; Rez > 0} / 0. Let 
z F{z, h), < h < ho, be a family of holomorphic functions in Q, having at most a finite number 
N{h) of zeros in Q. Assume that 

F(z,/i) = 0(l)e^W^('^), zen, 



1 



(5.10) 
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and that for any 5 > small enough, there exists C > such that for z £ '■= ^ H {Imz > 
6; Re z > } we have 

Then for any simply connected CC Q there exists g{-,h) holomorphic on 17 such that 

F{z,h)= J] (z - -g{z,h)=0{N{h)), zen. 

Proof of Proposition\^ Fix W± CC , and consider the functions 

F±: z en±i — > Dijryfz, Vrsi), 

where 

^e^^l'^ for z = pe''^ £ n+ 

and D{k, s) is defined by H3.24() . The functions F± are holomorphic in i}± and w S i}± is a zero of 
F-j- if and only ii w = 2bq + wr is a resonance of H. Then applying Proposition |^ to F = F^ and to 
F{z) = F_{—z) with h = r, N{r) = n_^_{sl^/r,pgWpq)\ lnr|, we obtain existence of functions gQ^± 
holomorphic in i}± such that for z £ Q±, we have the following factorization: 

(5.11) D^iV-rV-z,V-rs.)= U (^L±^^) e^oM.r) ^ 

wGRes{H)n2bq+rn± 

with 

(5.12) -^go,±iz,r) = Oin+isiV^,PgWpg)\lnr\), 

uniformly with respect to z E W±. 

On the other hand, with the notations of Section 3 (see Proposition |3 and the proof of Propo- 
sition ISJ, for z = Zq{y/rk), < si < |A;| < sq we have 



det2 [{H - z) {Ho- z)-'j = detail + Ty(z 
D{^k, V^si)) det ((/ + -^5,l[o,,,^/2](Sg) + A{k^)y 



By the properties of A{k) (see the proof of Proposition [51), for K{k) = ■^^-Bgl[o^s^^/2] (-^g) + 
A{ky/r), the difference Tvi^) ~ K{k) is a finite-rank operator and as in the proof of (|4.H) . we have 

det ((/ + ^Bgl^,^,^^.„^{Bg) + A{k^r))e-^y^^^) = det2(/ + K{k)) e" 

where det2(/ -|- K{k)) is a non-vanishing holomorphic function, for < si < |A;| < sq. Since A{k) 
is holomorphic in S2 and 



-l[0,s](^g)ll2 = - / -^dn+{u,Bq) = 712(5), 
Jo * 



s ^' • Jo s^ 

we have: 

\\K{k)g = 0{n2{siV^/2)), 
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which imphes that |det2(l + K{k))\ = C'(exp(n2(si-v/r/2))). Using moreover that ||-fC(/c)|| < 1, we 
have also | det2(l + K{k))\^^ = O {exp{n2{si^/r /2))) . Then there exists gi{.,r) holomorphic on Q± 
such that, -j^gi^z^r) = 0{n2{sl^/r /2)), on W±, and 

det2(l + K(fc)) =e^'i(^'''\ 
Then by definition of ^2 (see ()5.3p ). for ^ = Zq{k) e 2hq + r{Q.± n M) we obtain 

i'2{^^) =—^'^dx{go,±+ gi){- — —,r)- V , - 6{n-w) 

vrr r ^-^ irlu — wr ^-^ 

wGRes(H)n2bq+rn± ' w&Res{H)n2bq+rI± 

Im Wy^O 

+ \ Imtr(^afc(^Sgl[o_,^^/2](^9) + ^(^)) - Qz^vii^ + ^0) 
where 

^ _ f V /i - 2hq if II- 2bq > 0, 
~ \ iyj2hq - fi if fi - 2bq < 0. 

According to Lemma ^ and since Bg £ Si, the operators dzTv{z) and dkA{k) = dkA{k) = 
dk{Tv{zq{k)) — ^JBq) are of trace class. The trace of dkA{k) is given by the integral of its kernel 
on the diagonal: 



(5.13) tr(4A(fe)) =^ j v{x)dx[Y.{2h{j-q)-k')-^'^-iY,{k' + 2b{q-j))-^l'' 



and by definition of rii (see (|3.15() ) 



— 5fc(— Sgl[o,,,^/2](59)j = g^^i(^i^^/2)- 

Then, we conclude the proof of Proposition |H1 with g± = go ± + 9i + 92 taking 



f / V{x)dx^izr + 2biq-j))-'/^ + '-^niisiV^/2), 



where ^/z is defined on 0,± by (|5.1Up . □ 

In the definite-sign case {J = signl/) we can specify the representation of the regularized 
spectral shift function when for z = Zq{k), the operator 1 + is invertible, that is for Arg/c / 

— j7r/2. Then we consider W± CC il± open relatively compact subsets of ibe^*l~^^"''^"l]0, 26[ with 
eo > 0, 200 + eq < 2tt as above, and we have the assumption that 

(5.14) -j|^(|)^±Mo,W2], 

where (§)- = and (§)+ = §. The main restriction is in the case "-" foi V < (i.e. J = —1), 
where we can consider C — e~*^~^^"''^°]]0, 26[, only with < 0, that is where there are no 
resonances! So in the definite-sign case we discuss the three following situations: 

For y > 0, we consider W+ CC n+ Ce*]-2eo,eo]]o, 26[ with eo > 0, 2^0 < vr or W- CC 

C-e-*l-2eo,£o]]o,26[ with eq > 0, 26^0 + Eq < 2tt. 

For y < we consider W+ CC Ce'l-2^0'^ol]0, 2b[ with eq > 0, 26^0 + Eq < 2-k. 
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Proposition 10. Assume V satisfies \2.1\) with m± > 2, and is of definite sign J = signT/. 
Let W± CC il± open relatively compact subsets o/ ibe^*l^^^"'^°l]0, 26[as above and let the interval 
/± = W± n ± ]0, 2b[. Assume Oq satisfies 

Then for A = /x — 2bq G rl±, the representation \5.^) holds with 

^Imff^(V) = Jlm9±(V)+Im9UW + l(o,2fe)(A)J$'(A), 

where 

= tr ( arctan — — ^ 
VX^ V 2^/X 

z ^ 'g±{z,r) is holomorphic in Q± and satisfies 
(5.15) Mz,r) = 0{\lnr\) 



$(A) := tr ( arctan 1 = tr ( arctan '■ 



uniformly with respect to < r < tq and z € W± while the function gi^± is holomorphic on 
_^g±iH2eo,eo]]o,26[ and for ze ±e=^*]"2eo,eo]]o, 26[, there exists Cqo such that: 



\9i,±{z)\ < C9oa2W\z\)^, 

(72 being defined in Corollary^ 

Proof. With the notations of Section 3 (see Proposition]^, and according to relation ()4.1|1 . for 

z = Zq{k), < Sly/r <\k\ < sq, — Jim A; < ^| Re A;| we have 

det2(^iH - z){Ho - = det2(/ + Ty(z) 

= det2(/ + i^(fe)) det (/+ iji3g)e-T'-(^^(^)-^('=)). 

with K(k) = A{k) ^/ + ^JB^ . As in the proof of Proposition |HJ applying Proposition El and the 

results of Section 4, we obtain existence of functions g± holomorphic in Vl± such that for z G O-t, 
we have the following factorization: 

(5.16) dei2{l + K{^r^z))= J] [^L^^^^) e^-^^-\ 

■weRes{H)n2bq+rn± 

with 

(5.17) ^5±(^,r) = 0(|lnr|), 

uniformly with respect to z G W±. Then by definition of ^2 (see (|5.3p ). for ^ = Zq{k) £ 2bq + rl± 
we obtain: 

5i(M)=ilm5i(^i^,.)+ E -1^- E 

vrr r ^-^ ma — 

iueRes(_ff)n26i3+rr2± ' ' «;eRes(J?)n2feg+r/± 

Im ui^^O 

where 

- 2bq if - 2bq > 0, 
^^/2bq^^ if /u - 26g < 0. 
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dkK{k) = dkA{k) - dk {A{k)-B,{I + -B,)-' 



On the other hand, Lemma ^ and Corollary ^ entails that the operators dzTydi) and 

are trace-class. Moreover, from ()5.13() and since A is holomorphic in 5*2, we have 

lm^TT{dkK{k))=lm^dk{gi,±{k^)), 
with gi,± being the holomorphic function: 

9iA^):=f- [ V{x)dxY,{z + 2b{q-j))-^/^-TT(A{^z)^B,{I+^B,)-^ 

which satisfies the claimed estimates thanks to p.l2p . Finally, we have 

^ Im tr((/ + '-^B^r^d^i^B,)) = ^ Imtr(|i?,(/ + ^5,)-^ 

for Jk e 

1^^^{tB,{I + = J^'ik') for G B 



2k2 \k fc2 

which prove Proposition IIUI □ 

Combining Lemma|HJ Proposition|Sland Proposition llUl we deduce Breit-Wigner approximation 
of the SSF: 

Theorem 3. Breit-Wigner approximation. Assume V satisfies \2.1\) with m± > 2. Let 
W± CC be open relatively compacts subsets of ±e^^^~'^^°'^'^^]0,2b[ as before Proposition\^ and 
let < si < dist{Q±, 0). Then there exists tq > and functions g± holomorphic in O-t, such 
that for fj, G 2bq + rl±, we have 

(5.18) e'(A^) = ^Im,^(^i^,r)+ " E ^(^^ " -) 

rn r vr u — w M ^-^ 

weRes(H)n2bq+rn± ' ' w£Kcs{H)n2bq+rI± 

ImuiT^O 

where g±{z,r) satisfies the estimate 

1 

(5.19) g±{z,r) = O {nj^{siy/r]PqWpq)\ lnr| + ni(si^/r/2) + n2{sl^/r/2)) = 0{\ lnr| r '"-l ) 

uniformly with respect to < r < rQ and z £ W± . 

Moreover for potentials of definite sign, J := signl/, assuming that 9q satisfies 

-j|^(|)^±Mo,eo/2], 
f(f )_ = 0, (f )+ = ^)forX£ rl± we have 



where 



^Im5i(V) = Jlm9±(V) +Im5U(A) + l(o,2;,)(A)J$'(A), 

B<i\ _,J^^„,^^P,Wpq 



$(A) := tr( arctan ] = tr( arctan ^ 



(5.22) i{2bq + A) = -«>(A) + O ($(A)i) + O (| InAp) , 
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z I— > 'g±{z,r) is holomorphic in Q± and satisfies 

(5.20) Mz,r) = 0{\lnr\) 

uniformly with respect to < r < tq and z E W±. The function gi^± is holomorphic on ±e^*l~'^^'''^°l 
]0,26[ and for z G ±e=^'l"2^0'^ol]0, 26[, t/iere exists Ce^ such that: 

(5.21) |ffi,±(^)| < C,oCT2(^M)i 
(T2 6ein(7 defined in Corollary^ 

The following corollary describes the asymptotic behavior of the SSF on the right of a given 
Landau level. 

Corollary 2. Singularities at the Landau levels. Assume that V satisfies h2.1\) with m± > 2 
and is of definite sign J = signV. Then the asymptotic relation 

J 
< 

TT 

holds as A \ 0. 

Proof. Let us apply TheoreniElon intervals 26g+r„[l, 2], with r„ = A2", A > 0. For /i G 2bq+rn[l, 2] 
and r2+ a complex neighborhood of [1, 2], we have 

C'ifJ-) =—lToag'±{- — —,rn)+ V 12 - y] (^(^-u-) 

r„7r V / vr lu — w r ^-^ 

\ / «,eRes(//)n2bg+r„n+ ' ti;eRes(//)n2feg+r„ [1,2] 

Im uiT^O 

(5.23) +i (J«>' + Im5;±) (/i-26g). 

Using that Jjg ^J^^^Jj 2 < 1 and that 26g + r„J7+ contains at the most 0(| lnr„|) resonances (see 
Proposition El, integration of (|5.23|) on 26(7 + r„ [1,2] yields 

(5.24) i{2hq + r„+i) - ^{2hq + r„) = i [Im5±( . , r^J^ + 0(| lnr„|) + - [ J$ + Im5i,±];"+i . 

TT vr " 

Let G N such that | < \2^+^ < b (then iV = OdlnA])). Since ^, ^> and gi^± are uniformly 
bounded on 2bq + 6[l/2, 1] (6 the fixed strength of the magnetic field), and since g±{-,rn) = 
0(1 lnr„|), taking the sum of (|5.24j) from n = to n = A^, we have: 



e(26g + A) = -HX) + - Im5i,±(A) + V 0(| ln(2"A)|) + 0(1). 
vr vr ^ — ' 

n=0 

Using ()5.21|) and exploiting that = 0(| In A|), we obtain existence of C > such that 



Ci2bq + X) - -^{X) 
vr 



< C|lnA|2 + Ca2(yA)i 



Then Corollary [2 follows from the elementary inequality 

„ < arctan u, u >0, 



which implies ct2(\/A) < ^*(A). □ 
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Let US compare our results with those of JU] where the singularities of the SSF at a given 
Landau level were investigated. 

If W satisfies the assumptions of Lemmas |21 El or IS] (plus some generic technical assumptions in 
the case of a rapid decay), then it is shown in 10^ that 

(5.25) e(26g + A) = -cI)(A)(l + o(l)), A \ 0. 

vr 

In the case of slowly decaying W satisfying the assumptions of LemmaEl we see that ()5.22() provides 
a remainder estimate of asymptotic relation (|5.25|) . In the case of rapidly decaying W (see Lemma 
|l]or Lemma we have 

cI>(A) = i(^^(A)(l + o(l)), A\0. 

Hence, in the case P G]0, i[ relation (t^?^ again provides a remainder estimate of (|5.25j) . 
However, in the case /? € [^,oo] it does not even recover the first asymptotic term of (|5.25j) . Note 
also that in the decay of V is assumed to be isotropic in all three directions while here we 
assume that V is super-exponentially decaying with respect to X3. 

On the left of Landau level, for V > 0, the results of ^IQ^ imply S,{2bq — A) = 0(1). Here our 
estimates are not accurate to see this. For V < 0, it is shown in jTHj that 

e(26g - A) = n+{2VX;pgWp,)il + o(l)), A \ 0. 

In this case, we have only general representation formula (|5.18|) with estimate (|5.19|) . 
As in |2nj . (or [^), from Theorem |21 we deduce also the following trace formula. 

Corollary 3. Trace formula. Let W± CC il,± be as in Theorem\^ Suppose that f± is holomor- 
phic on a neighborhood of 0,± and that ip± £ C^{0,± H M) satisfies tp±{X) = 1 near W±. Then 
under the assumptions of Theorem \^ we have the following trace formula 

(5.26) - (^,/,,(^^!L^)) = Y: + ^/..*.('-) 
with 

|%±,^±(r-)| <M(V'±)sup{|/±(z)| : z G f]± \ W± , Im z < 0} x iV,(r) . 

1 

where Nq{r) = nj^{siy/r]PqWpq)\ \nr\ + nl{sl^/r /2) + n2{siy/r /2) = 0{\ lnr| r ""x ). 

Proof. In the proof we omit the subscript it. Choose an almost analytic extension -0 of ■0 so that 
i)(^C^{Vl), = 1 on W and 

supp 'dzi) c r2 \ w. 

Applying Theorem 13 we have 

.r(w./){:5^)- W)(^^)) = -{«'(A).W)(^)) 

E W)(^^)-i/(*/)(^)Ims'(A^..)<iA 
^-^ r rn J r r 

«)SRes(/f)n26g+r supp i/i 

2TTiJ^^'^'^ r ' ^ \\-w X-wJ 

?i)£Res(iT)n26g+r supp -!/> 
Im wj^O 
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The integral involving g' can be estimated using (|5.19|) on supp V'- For the integral related to the 
resonances, we apply the Green formula and we get the term 



w — 2bq , 



r 

weRes{H),lmw=/=0 



rvr Jc_ ''' ^ ^\z — w z — wJ 

ui£Res(//)n26g+r supp -0 
Imui^O 

We apply the inequality 

/ 1 — ^—^Lidz) < 2J2tt\9.i\, 
Jui \z-w\ 

and the upper bound of the resonances in Q contained in Theorem ^ to obtain the result. □ 
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